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This memorandum considers the problem of minimizing
the pgross welght of a two-stape vehicle subject to a glven
value of total characteristic velocity, &4V, and fixed payloead. !
The general optimization problem is first solved in implicit
form, and a complete explicit solution 1s cobtained for the
case where the two stages have the same specific impulse,

Based on this special solution, the more peneral case of differ-
ent specifle 1mpulses 1s solved in closed form, leading to a
firat order and a third order formula.

Two caces are considered: (1) selccted stage pro-
pellant fraction, and (2) linear dependence of dry stape
welght on both gross welipht (or thrust) and propellant welyht,
Tnese are shown to be mathematically equivalent In the opti-
mization proccedure,
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This memorsadun considers the two-stoge welght optlud-
SURO &

rotion problem, with thc covious =ssoclicted task winindzin

total strpe weight for 2 given AV and paylodd i by

intrinsic mass fraction rhar:e»e; olj' and ©p
are known). Presented herelin sre the genersl 5
for the stege mass retlo, fiom which AVl end AV2 may be

irnmedlately deduced, and closcd form solutions of a series of
special cases of fundemental importance, including the perturbed
general solution for small differcnces in spceific impulse.

GROWTH FACTOR CONSIDERATIONS

The stage Grewth Factor, G, is defined as®

W NASA Yo v. S
G = --‘\}.;. . r\:’i,,‘].ﬁble from e dnd U- SO

Covcrn*cnt agenel ~s onlye
.cnt contractors
Covernien

G can be defined separately for each stage or for the ceombinztion
of stages. The combined fector may recdily be expressed in
terms of the individual stage factcers Gl end Gz, a3 fellows:

(1a)

# . :
A1l rnotction g deilined in List of Symboln,
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fut WG 1s the combined stage pross velght, and P, the ccmbined

1 2

¢ ape payload, to that, by cefinition, i

<
i
9]

180 -

Hence, total stage welght normalized to the payload may be
considered as the product of the individual, decoupled stage
growth factors.

STAGE PARAMETER REPRESENTATION FOR PRELIMINARY STAGE DESIGN

(2)

Two approaches to preliminary stage sizing are partil-

cularly convecnient. In the first technique it is assumed that
the propellant fraction pzrameters Al and A2 may be closely

approximated as constants independent of stapge welght., Often
this is done based c¢n observed past performances of similar
systems, and a priori knowledge of parameter variaticn as a
function of stage size and thrust,
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Cace 2 W, = Wy + K. W, + K W, + P

R G

It can be readily shown that in btoth caces G1 may te
reduced to the form

R (3)

where ry 1s the stage mass ratio and ay and By are ccefficients,
dcefined as follows:

TABLE 1

Case 11 1 - & A

Cose 2} —impme ”ﬁ%"f~
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idosion is &V, then the fivrst obap» wost provl 2, coy, & V. ownd
the vrnecrd vrtipe 47 5 00 thet
Y = [’\!l + AV2 (;5)
o
The rross welight of the vehicle will depend on how AV is diviced
between the two stages, From the beslc rocket equetion

AV

L = 8.1y fnr, (1 =1,2) (5)

How, for a given AV, (4) and (5) glve

r, = R rl-p (6)

where

\ ] R = e (7)
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Differentiating this with respect to Ty énd equaiing the vresvlt-
ing expressicn to .ero ylelds

p(1l - alrl) = 1 - AT, ' (10)

=

a3 a relationship ry and r, have to satisfy for a welght-

optimized two-stage vehicle. Combining equations (10) and 16)
now gives the "optimal equation® '

(1+p) p -
ay0 rl + (l-p)rl - a2R = 0 : (11)

!
i

This equaticn implicitly gives the solution to the optimization
problem for, once r; 15 found from (11), r, may be found from

(6) and 4V, and 6V, froem (5). A special solution of the problem
will be dlscussed next.
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The soluticn 1s

In view of (7) and (6) this gives

~—
a, AV/2gOI
I‘l = ;—.e
1

~-

(12)

(13)



S

s

RS p
e

s R

bt i g R o b b e e S

ln gy =

. 7
...... } Y I ! [ i ( 5 >
'V .z - Y
Vi =g (e
AT 1. A
e 2 4) ( [ J

If, In addition, the two stopge
result is

Lt
o Yo ) ;
0 .
. i
| (14)
cao |
' i R !
F)OL e d b al) !
J

naeve the came valuve of ¢, the

O
}_l
Ut
N’

X (

as would be expected for this case (see Reference 1).

In the next section the more general case 1s treated
where the difference between the specific impulses for the
two stages 1s small relative to their respective values. This

case is of particular interest since slight variation in specific
irpulse often recults due to atmospherlce effects and variation

In delivered values betwcen engines of different thrust.,

PERTUREATION SOLUTION OF THE OPTIMAL EQUATION

As noted before let

\ a- T
\ ;\/:2
\ r o _ R

%
\

\\ N )
be the soluticn of\kﬁe optimal equaticn when p = 1.

(16)

Write
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Is a emall nunbter and 3r is the

to be solved for
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Tnis 1s valid up te feourth

=, Yhen thls is substituted
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so that .

_ -B + Y%é - LacC
ro=1r {1 + 5K —

(22)

This is a third order solutlon of the optimal equation in closed

form.
i

For hand computation a first order formula can be

. obtalned by returning to equation (18} and, in the subsequent

expansions, neglecting all terms of order two in ¢ (QK) and
’ LS
0

combinations. The resuit i1s a linear cquation, instead of the

guadratic form (20), whose coluticn 1is \\
_ € 1 1-¢ 1-¢ -

‘ rvl = 3 + 2 PO + 5 I‘o (2j)
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Ay = 0.85#, 12 = 330 sec
This combination was considered with “ot
10,000, 20,000, and 30,000 fps. The res

vwere as shown in Figures 1 to 3.
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The first type allows ezuation {14) to be cnmployed and the second
tvpe assuues AJ] = ¢V, =s shown Iin eguation (15) Upon estiration
of the 4V's, the correct stage »'s andé va's an e used for the
individual stepge calculetions. Lveraging the specific Impulse
yields a 1~ 1/2% growth {actor compare-3i to the first
order solutlon. Averazsing both the specific Irpulse and mass
fraction yields a U4-1/2 to 12% increase in the grcwth factor.

To display thre gross stage sensitivity o the allotted

‘stage velocity iwcreverts, stage growth factor is plotted as a

function of AVl/AV. Nzte in Flgure 1 that the results of the

averagling approximations could Iead tc the conclusicn that two
stages are desired. The first order solution correctly indicates
a single stage to be optimum.

As noted in Figures 2 and 3, the region in the v*“'nity

~of the optimum polnt Is fairly "flat." As a conssquence of iow

growth factor sensitivity to stage velocity allocztion in the
ngio., i1t may be advantageous to choose an off optimum point

to irgrove the seconi-stage propellant fraction. For exziple,
sizing the second stare of Figure 2 for 5815 fps nay result in

an un r2azlistically =srzl1l vehicle, and higher prepzliant fracticns

-

nticipated. 1In thls case, eguation (24), used with modified
-c.

v r Al and k2, rzy be helpful as a design tsol Lo cnable

convergence to 2 practical ¢

rid 0
problem.  (This {teraticn procedure 1s
ca2h (sce Table 13.)
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An error ectliizte wzs nade for the c2ce shown in Fipure 2,
By using the numerical value of Py» & resicdval cen be cooputed
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The optimal equation (11) expresses a condition for
the flirst stage mass fracticn, T'is under which the gross welight

of a two-stage vehicle will be ninilrmized. Yor a given wvalue of
total characteristic velocity, aV, this is zn implicit solution
for the optimization prcblen.

Eased on the exact solution for the special case of
cqual spcecific impulses,-explicit solutions to the coptimal
cquation are obtained in closed form. HNumerical erxamples and

comparisons with commen approxinmations uhow that the first order
formula gives gocd results.
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G = cvovth factor

I = specific Impuls

HG = pross velght proportionality fector

KP = propeilant welight prcportionality factor

P = payload weight

v

r = mass ratlo (initial/burncut)

=
]

exp(AV/golz)

WG = gross veight

wp = propellant weight

a,8 = coefficients defined in Table 1
§r = variation in mass fraction
AV = characteristic veiocity

€ = perturbation in p‘

A = prepellant fCraction (propellant welght/ tage welght)
P = Il/I2

Subsecripts
0 = condition corresponding to I1 = 12

AR

1,2 = pefciring Lo firet or sccond gtoge
$ -




B e 5 £ i g
: H ‘ e L inta.
- S a
L R 5 : IS TN B S (AL N o) w3 T e e
1. Fslina, P.o J., Mo Sovmerflcid:r The Preonicnm of oeepno

- T e var el - PR
foeon the Farith by Recket., Jourold

H ;
: e :
N i -
* N
i
¢ ™
H i
! H
. N -
H 1
i i
¥ ]
‘
§ .
§
'

[PPRRR

-

s A v
-

o
//
/
S

(] \
Lo

C |
1 H

£

: .

¥ .

(_‘ 1

{

! :

e .




P

S

P T

1 58 aemtan sas i

T e

on

[

(RY

‘
s ¢y :
. S R
, LY
E . .
PRS .
P
— ;
. il H
i~ PR i
7 e
s o
et b oA v
. | pig
“ 3 : =
) a )
‘e n v
o e
H
e o
- e
el g o
, - [
+
: {
[P : :
! ! .v
I} H H
N : F
N s : |
-
L
" .
»
N P
[, ;
+ s St -
.
o~
o ~ e — - . . .. -

. <

e g e B e e

AT O e e e

g A

P

v

e i . s i ¢

>

P LT T DRVENE Y ST S

T TR
L B

3

!

o

o




o
¥ . - ‘b.v‘ N A b ot A . A H ° A
m PR M ¢
¢ s 1o h 9
- . . ] ] -
T A _
| | | ! L)
— . i : N
; P !
i | iz t <D
gy T \
! ! §. b o
; _ <Y 3 |
; ! : i
l _ i m !
; i £y i
! n poo \/ :
- W x
- TR P ? !
U e E NS i
{ ™ et e f p m .
i | T j@
.4 - .
_ § =) ‘
. P ; g ' -

; : . ! ; } «l tl
Dee { ; > i
- - o 1 - A 4 . .

. A R \ : — wi
. << ] - T
M - =
{ - ool
{
i

[ .
" ~ (AR R e =
- . : - -
e - L et o -, "
- R B A Les]
v
i i
— .
' '
r RS & N
~ | FNC T O S
. i . .
' i
: i ~
! b - -
— + 7u ¢
L P <
< foue
{ .
1 ]
H H
t ;
1on N
i [Py .\ i
: L i H
Cos | “
HEE
i
e ! 1 O

b @ %)

YOLO¥S HLKOYD

Al

iGl

g £ g ar AT o g e ST 3

g ltr{fx. T e o 8 Sl i b g :

PR e W s e i S i

e e it e




7 il
! ; (>
e+ s e b, Ao o ' | c:
: : e’
- ,m =
m : . ! ok
- had + .
' ey W ” .
¢ e an e o am e) e ! =
1 i e
' e i : A'W
: ) ! o)
Qe a i ;
= . i :
. p
- - P ,.
t L :
-

y : M *6
e 2 - .- ~ e
. \ o ACd
e e s e i \ {
i ! \ § po-=
— Lo, . § -
o [ } - AKXW B —
- N 7 W ~.
. : -
oA e e s e S el e e m— . . i
\ o
s s - : e
. i . i

K | [
K , L B . o
. i PR i o
B ? . 1 _ [} { ! Lo _HH
- - ———— R v (] (] Q < (e}
N fou's o w =2 [\
J0L0V4 HiIND¥D
- - - = - N - - - - — I — - .\\\
|
- . [N - O L DRI S NpRSP S gt e SIpE - - - i
» < > . !
- . - ——a ke O e s TR o e e ..(\ N e L . S S Lt T B A b b e B e, s e it . - |



